In 1999, Chen established a sharp relationship between the Ricci curvature and the squared mean curvature for a submanifold in a Riemannian space form with arbitrary codimension. Similar problems for submanifolds in complex space forms were studied by Matsumoto et al. In this paper, we obtain sharp relationships between the Ricci curvature and the squared mean curvature for submanifolds in Kenmotsu space forms.
Preliminaries. Let (M, <, >) be a Hermitian manifold and denote by
is the tangent (resp., the normal) vector space of M at p. Such submanifolds were defined and studied by Chen and Ogiue [4] .
On the other hand, Yano and Ishihara [8] considered a submanifold M whose tangent bundle T M splits into a complex subbundle Ᏸ and a totally real subbundle Ᏸ ⊥ .
Later, such a submanifold was called a CR-submanifold [1, 2] . Blair and Chen [1] proved that a CR-submanifold of a locally conformal Kaehler manifold is a CauchyRiemann manifold in the sense of Greenfield. The first main result on CR-submanifolds was obtained by Chen [2] : any CRsubmanifold of a Kaehler manifold is foliated by totally real submanifolds (i.e., the totally real subbundle is involutive).
As nontrivial examples of CR-submanifolds, we can mention the (real) hypersurfaces of Hermitian manifolds.
Kenmotsu manifolds and their submanifolds.
Tanno [7] has classified, into three classes, the connected almost contact Riemannian manifolds whose automorphisms groups have the maximum dimensions:
(1) homogeneous normal contact Riemannian manifolds with constant φ-holomorphic sectional curvature; (2) global Riemannian products of a line or circle and a Kaehlerian space form; (3) warped product spaces L × f F , where L is a line and F a Kaehlerian manifold.
Kenmotsu [5] studied the third class and characterized it by tensor equations. Later, such a manifold was called a Kenmotsu manifold.
A
) is said to be a Kenmotsu manifold if it admits an endomorphism φ of its tangent bundle TM, a vector field ξ, and a 1-form η, which satisfy: 
A Kenmotsu manifold with constant φ-holomorphic sectional curvature c is called a Kenmotsu space form and it is denoted byM(c). Then its curvature tensorR is expressed by (cf. [5] )
LetM be a Kenmotsu manifold and M an n-dimensional submanifold tangent to ξ. For any vector field X tangent to M, we put
where P X (resp., FX) denotes the tangential (resp., normal) component of φX. Then P is an endomorphism of tangent bundle T M and F is a normal bundle valued 1-form on T M. The equation of Gauss is given bỹ
We denote by H the mean curvature vector, that is, Let {e 1 ,...,e n } be an orthonormal basis of T p M. We put
By analogy with submanifolds in a Kaehler manifold, different classes of submanifolds in a Kenmotsu manifold were considered (cf. [6] ).
A submanifold M tangent to ξ is said to be invariant (resp.,
A submanifold M tangent to ξ is called a contact CR-submanifold [9] if there exists a pair of orthogonal differentiable distributions Ᏸ and Ᏸ ⊥ on M, such that,
where {ξ} is the 1-dimensional distribution spanned by ξ;
submanifold. Next, recall some notions introduced by Chen (see [3] ). Let L be a k-plane section of T p M and X a unit vector in L. We choose an orthonormal basis {e 1 9) where K ij denotes the sectional curvature of the 2-plane section spanned by e i , e j . We simply called such a curvature a k-Ricci curvature. The scalar curvature τ of the k-plane section L is given by
where L runs over all k-plane sections in T p M and X runs over all unit vectors in L.
Recall that for a submanifold M in a Riemannian manifold, the relative null space of M at a point p ∈ M is defined by
(2.12) 3. Ricci curvature and squared mean curvature. Chen established a sharp relationship between the Ricci curvature and the squared mean curvature for submanifolds in real space forms (see [3] ).
We prove similar inequalities for certain submanifolds of a Kenmotsu space form M(c). We will consider submanifolds M tangent to the Reeb vector field ξ. Then, from the equation of Gauss, we have
From (3.2), we get 
From the equation of Gauss, we find It follows that p is a totally geodesic point.
The converse is trivial.
Corollary 3.2. Let M be an n-dimensional invariant submanifold tangent to ξ in a Kenmotsu space formM(c). Then, (i) for each unit vector X ∈ T p M orthogonal to ξ, we have
(ii) a unit tangent vector X ∈ T p M orthogonal to ξ satisfies the equality case of (3.8) if and only if X ∈ ᏺ p ; (iii) the equality case of (3.8) 
holds identically for all unit tangent vectors orthogonal to ξ at p if and only if p is a totally geodesic point.
Proof. It is known that every invariant submanifold of a Kenmotsu space form is minimal (cf. [6] ).
On the other hand, for any unit tangent vector X ∈ T p M orthogonal to ξ, we have P X = φX = X = 1. Then, the inequality (3.1) implies (3.8).
Similarly, we can prove the following results. 
Corollary 3.3. Let M be an n-dimensional anti-invariant submanifold tangent to ξ in a Kenmotsu space formM(c). Then, (i) for each unit vector X ∈ T p M orthogonal to ξ, we have
4. k-Ricci curvature. In this section, we prove a relationship between the k-Ricci curvature and the squared mean curvature for submanifolds tangent to ξ in a Kenmotsu space form.
Theorem 4.1. LetM(c) be a Kenmotsu space form and M an n-dimensional submanifold tangent to ξ. Then we have
Proof. We choose an orthonormal basis {e 1 ,...,e n ,e n+1 ,...,e 2m+1 = ξ} at p such that e n+1 is parallel to the mean curvature vector H(p), and e 1 ,...,e n diagonalize the shape operator A n+1 . Then the shape operators take the forms
From (3.2), we get
On the other hand, since
we obtain
We have from (4.3)
which is equivalent to (4.1).
Using Theorem 4.1, we obtain the following. From (4.1) and (4.10), we obtain (4.8).
In particular, we obtain the following. 
